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Abstract 
Hydrogeochemical processes governing the composition of groundwater are often inferred from water samples that are the flux-
weighted average of a heterogeneous system.   The stable isotope ratios of these samples are commonly employed to evaluate 
biogeochemical cycling or the intensity of weathering.  However, these data are often interpreted using simplified relationships 
that assume the chemical composition and fluid residence times are homogeneous. This disparity results in part from the 
difficulty in obtaining appropriate observations needed to quantitatively link the effects of variable fluid residence time to stable 
isotope fractionation.  Here, we present a synthetic dataset of steady state stable isotope ratios using the aqueous, irreversible 
reduction of hexavalent chromium (Cr(VI)) and precipitation of chromium hydroxide (Cr(OH)3(s)) in structurally correlated 
heterogeneous porous media using the CrunchTope reactive transport code.  Our results demonstrate that flux-weighted average 
Cr(VI) values collected across a fixed control plane for multiple heterogeneous permeability fields consistently produce higher 
reactant concentrations and less enriched stable isotope ratios than a comparable homogeneous domain for average flow rates 
ranging across several orders of magnitude. This variability is thus directly attributable to the physical heterogeneity of the 
porous media.  Furthermore, the isotopic signature of accumulated Cr(OH)3(s) is highly contingent upon the pH-dependent 
precipitation rate and the structure of the flow field, resulting in a wide range of bulk isotope ratios. These results provide a first 
step in the development of new frameworks for linking the effects of subsurface heterogeneity to the observed stable isotope 
ratios and fractionation factors in a wide variety of systems. 
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1. Introduction 
Reactions between minerals and fluids at or near the Earth’s surface regulate the composition of rivers and oceans 
and the transport and transformation of nutrients and contaminants.  These reactions, that are critical to the Earth’s 
natural and disturbed environments, are commonly studied by collecting samples from wells or surface waters that 
act as point source observations.  Both rates of transport and chemical and isotopic compositions measured at these 
locations are used to infer processes occurring across physically and chemically heterogeneous flow paths.  If our 
ultimate objective is to quantify and accurately predict subsurface geochemical processes, and their contribution to 
global chemical cycling, then we require a detailed understanding of how the physical and chemical structure of a 
porous media influences our inferences about chemical reactions or isotopic fractionation. 
1.1. Motivation 
For decades the variation in the isotopic ratios of dissolved species have been a common means of quantifying 
reactions taking place in a variety of subsurface systems (e.g., Johnson and DePaolo, 1994; Maher et al. 2003; 
Bouchez et al. 2013).  However, fluid samples collected from wells screened through the saturated zone or 
conductive layers(s) of an aquifer are primarily sourced from fast flow paths and are thus biased towards short fluid 
residence times. The consequence is a flux-averaged ‘effective’ concentration or isotope ratio that typically 
underestimates the extent of reactivity occurring in the system.  This effect complicates the relationships between 
isotopic compositions and reaction progress.  For example, when stable isotope data is interpreted using Rayleigh or 
distillation-type models, the amount of reaction progress can be either under- or overestimated (van Breukelen and 
Prommer, 2008), or the calculated fractionation factor may differ from established values for closed systems (Berna 
et al., 2010).  These effects have been noted in a variety of contexts, including oxygen and nitrogen isotope 
fractionation in marine sediments (Brandes and Devol, 1997), selenium isotope fractionation in wetlands (Clark and 
Johnson, 2007) and chromium isotope fractionation in a contaminated aquifer (Berna et al., 2010).  As our abilities 
to measure and label isotopologues in compounds of interest have improved, quantitative analyses of the effects of 
physical heterogeneity have become an increasingly important area of research.  Analytical and numerical solutions 
of the effect of hydrodynamic dispersion on stable isotope ratios have shown a systematic underestimation of the 
true reactivity of the system (Abe and Hunkeler, 2006; van Breukelen and Pommer, 2008).  LaBolle et al. (2008) 
present a numerical model illustrating the role of diffusion based mass-transport fractionation in heterogeneous 
porous media and recently, van Breukelen and Rolle (2012) offer experimental evidence for isotopic fractionation as 
a result of transverse dispersion in porous media. 
1.2. Transit time 
Flow through a uniform pipe results in a parabolic velocity profile as a function of radius.  The velocity 
distributions within an individual pore may be thought of in the same manner.  This effect means that even in 
perfectly homogeneous porous media at steady state, solutes introduced to the system will spread as a result of 
dispersion, and subsequently the extent of reactivity in a fluid sample will still be flux-averaged (Steefel, 2007).  In 
heterogeneous porous media this mixing happens at a range of scales from the variations within an individual pore 
up to the variation among lithologic units containing the aquifer system (Gelhar, et al., 1992).  As a result, the 
arrival of an injected solute at a specific location in a porous media is described as a probability density function 
(pdf) of the transit time, or the transit time distribution (TTD).  Furthermore this pdf describes the range in reactivity 
or fractionation that solutes or isotopes in a fluid sample have undergone as a function of the residence times of 
individual fluid packets making up the sample.  For a steady-state pressure field, this pdf and the corresponding 
effective reaction rate and isotopic fractionation factor may vary as a result of measurement scale (i.e. hierarchical 
heterogeneity) or flow field evolution (i.e. permeability changes).  Transient flow processes, such as periodic 
infiltration events, further complicate the interpretation of fluid and solute travel time distributions (Heidbüchel et 
al., 2012).  In this sense, one may think of a catchment as non-uniform filter through which the duration and 
magnitude of flow rates and chemical composition of fluids are altered from recharge to discharge values. 
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1.3. Effective fractionation 
Most assessments of chemical reactivity in through-flowing porous media are based upon the assumption of a 
well-mixed system, which is at odds with the description of fluid residence time as a pdf.  Models for the 
relationship between solute concentrations and flux rates that are based upon the approach to chemical equilibrium 
(Maher, 2011), or kinetic rates  (e.g. Godsey et al., 2009; Hornberger et al., 2001) may therefore overlook the effects 
of mixing between transport-limited and reaction-limited regimes. Steefel (2007) discussed the effects of mixing as 
an ensemble of flow-through reactors, resulting in a fluid sample that reflects an overall or effective reaction rate.  
Maher (2011) derived an analytical expression for the concentration-discharge relationship of weathering solutes 
carried by rivers based on a kinetically regulated approach to thermodynamic equilibrium and applied this solution 
using a range of representations of fluid transit time distributions.  This treatment demonstrated a diminished 
effective reaction rate (or slower increase in concentration with increasing mean travel time) for all distributions 
relative to a single, homogeneous flow path. 
It is the purpose of the current paper to extend the development of concentration-discharge relationships for non-
uniform transit times to observed stable isotope ratios.  This is accomplished using numerical modeling to generate a 
synthetic dataset of isotopic fractionation associated with an irreversible, homogeneous reaction in both 
homogeneous and structurally correlated heterogeneous permeability fields across a wide range of flow rates.  This 
technique extends the results of previous work by relaxing the requirement of a specified fluid residence time 
distribution in favor of obtaining travel time pdfs directly from model output.  Using this technique, we demonstrate 
that observed isotope ratios in heterogeneous domains are less fractionated than in comparable homogeneous 
systems, and that the relationship between effective reaction rates and effective fractionation factors is preserved 
across a wide range of flow rates. 
2. Model Development 
The relationship between the consumption of the reactant and the associated stable isotope fractionation is 
commonly described by a Rayleigh or distillation process (eq. 1).   
 
          (1) 
 
Here r is the instantaneous isotope ratio, r0 is the initial ratio, f is the fraction of the reactant remaining in the system, 
and α is the fractionation factor.  This formula was originally developed to describe the behavior of open systems at 
equilibrium but it may be applied to kinetically controlled systems where removal is irreversible (Rayleigh, 1902; 
Criss, 1999).  Despite its extensive use, many common fractionating reactions do not strictly conform to a Rayleigh 
model.  For example, stable isotope ratios associated with reactions that approach their thermodynamic equilibrium 
point are more accurately described by a balance between kinetic and equilibrium fractionation factors (e.g. Druhan 
et al., 2013). Therefore the present study will employ a fractionating reaction that is chemically homogeneous and 
irreversible such that a Rayleigh model will accurately reproduce the results of the numerical simulation.  This 
approach provides a simple means of obtaining effective fractionation factors associated with heterogeneous flow 
fields, and is necessary prior to consideration of more complex fractionating mechanisms. 
2.1. Hexavalent chromium reduction 
We consider the stable chromium isotope fractionation associated with reduction of hexavalent chromate 
(Cr(VI)O42-) by ferrous iron (Fe2+): 
 
             (2) 
 
which is followed by rapid precipitation of oxidized iron and chromium hydroxides at neutral pH.  This reaction is 
observed to follow a second order rate law under pH-buffered conditions (Buerge and Hug, 1997): 
 
182   Jennifer L. Druhan and Kate Maher /  Procedia Earth and Planetary Science  10 ( 2014 )  179 – 188 
               (3) 
 
such that when the initial concentrations are specified as three moles of Cr(VI) for every one mole of Fe(II) the 
expression may be integrated to yield a simple relationship for Cr(VI) consumption as a function of time for a fixed 
(pH dependent) rate constant.  The stable isotope fractionation associated with this reaction was shown to be 
relatively invariant as a function of pH in buffered systems, and is well described using a Rayleigh model with a 
fractionation factor of 0.9957 (Kitchen et al., 2012).    
The precipitation rates of iron and chromium hydroxides are difficult to constrain and likely occur as an 
amphoteric solid solution (Rai et al., 1987; Eary and Rai, 1991; Grundl and Delwiche, 1993).  For the purposes of 
the current study, a single rate constant is employed to describe the simultaneous, non-fractionating precipitation of 
Cr(OH)3(s) and Fe(OH)3(s), resulting in a pH dependence through the stoichiometry of the reactions. 
2.2. Heterogeneous permeability fields 
Flow is modeled using Darcy’s law, such that the value and distribution of permeability govern variability in 
fluid residence time distributions. Physically heterogeneous 2D (30 cm x 30 cm) permeability (k) fields are 
constructed by generating multiple random realizations of a log(k) distribution subject to an exponential spatial 
covariance function with a mean of 10-14 m2 and using a range of variance (σ2) from 1 – 5 and correlation lengths (h) 
of 0.5 – 5 cm.   
 
         (4) 
 
Examples of low and high correlation length realizations are shown in Fig. 1.   
 
 
Fig. 1. (A) Randomly generated heterogeneous permeability fields with correlation length of 0.5 cm; (B) with correlation length of 5 cm. 
A range of uniform pressure gradients are imposed from left to right across the domain in order to generate 
steady state flow fields.  Flux weighted average fluid samples are collected across the right boundary, effectively 
acting as a pumping well or discharge point.  Travel time statistics are obtained by introducing a nonreactive pulse 
tracer across the left boundary of the domain at the start of the simulation. The mean transit time (Tf) is  
calculated from the flux-weighted average of the inert tracer: 
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where t is time, tmax is the length of time required for complete flushing of the inert tracer and C(t) is the 
concentration of tracer at a given time.  All heterogeneous simulations are compared against the results of a 
homogeneous (log(k) = -14) domain using the same range of pressure gradients. 
2.3. Numerical simulation 
Simulations are conducted using the CrunchTope multi-component reactive transport code, which is a new 
version of the CrunchFlow code (Steefel et al., 2014) that incorporates a generalized treatment of stable isotope 
fractionation (Druhan et al., 2013; 2014).  CrunchTope is capable of solving coupled transport and reactivity using 
either operator splitting or global implicit methods.  The current simulations are conducted using the former option 
to minimize the effects of numerical dispersion.  A single molecular diffusion coefficient of 10-5 cm2/s is utilized for 
all solutes, and no longitudinal or transverse dispersivity is imposed.  In this way, the effects of dispersive mixing 
are entirely the result of flow-field variations in the heterogeneous permeability fields (Steefel, 2007).   
Initial conditions and relevant parameters are specified in Table 1.  Values were chosen to conform to the 
experimental setup and reported observations of Buerge and Hug (1997) and Kitchen et al., (2012).  In particular 
these studies employed a buffered pH of 4.5 as this provided an optimal condition to quantify both the reduction rate 
and associated fractionation factor.  A result of this choice is that the precipitation of Cr(OH)3(s) is slow relative to 
near-neutral pH conditions.  All simulations were run to steady state effluent concentrations, as demonstrated by a 
flux-weighted average bromide concentration of precisely 1.0 and invariant values of CrO42- and δ53Cr. 
     Table 1. Initial conditions and relevant parameters for CrunchTope simulation. 
species / parameter value unit 
pH 4.5 (buffered) 
Fe(II) 0.02 mM 
Fe(III) 3.27x10-5 mM 
CrO42- 0.06 mM 
δ53Cr of CrO42- 0.16 ‰ 
Cr3+ 2.3 x10-5 mM 
δ53Cr of Cr3+ 0.16 ‰ 
K+ 10 mM 
Cl- charge balance  
HCO3 in equilib. with 0.03 CO2(g) partial 
pressure 
Br- 1.0 mM 
Acetate 1.0 mM 
52k (rate constant for reduction of 52CrO42-) 6.358x107 M-1 yr-1 
α 0.9957  
Cr(OH)3(s) & Fe(OH)3(s) ppt rate 10-6 mol /m2-s 
 
3. Results and Discussion 
3.1. Homogeneous simulations 
Steady state CrO42- and Cr3+ concentrations for a range of flow rates across the homogeneous permeability field 
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are shown in Fig. 2a.  Values of Fe2+/3 plot directly onto the CrO42- trend. At fast flow rates, solutes travel the length 
of the domain in such a short period of time (Tf on the order of a few seconds) that essentially no reaction takes 
place.  This is observable in the lack of CrO42- removal and the lack of Cr3+ accumulation.  At very slow flow rates, 
solutes take an extremely long time to travel the length of the domain (Tf on the order of 2.5 days) and the reduction 
of chromate proceeds via eq. 3 to such an extent that virtually all CrO42- is removed from solution.  At this extreme, 
the concentration of dissolved Cr3+ has increased as a result of the fast production rate relative to the slow 
precipitation rate.  Chromium isotope ratios for both CrO42- and Cr(OH)3(s) are shown in Fig. 2b.  Enrichment of the 
chromate reactant ranges from 0‰ at fast flow rates (effectively no reaction) to 22‰ at slow flow rates.  It is 
worthwhile to note that while the solute concentrations (Fig. 2a) appear to indicate that the reaction effectively 
ceases at very slow flow rates, the isotopes clearly demonstrate that the reaction proceeds as expected for an 
irreversible process.  Furthermore, this extreme enrichment in δ53Cr cannot be observed in real samples as these 
values correspond to CrO42- concentrations that are many orders of magnitude too small to measure reliably. 
The difference in δ53Cr between the residual CrO42- and the produced Cr3+ in solution is defined as Δ53Cr.  This 
value is influenced by both the magnitude of the fractionation factor and the rate of Cr(OH)3(s) precipitation (Fig. 3).  
At fast flow rates, the minimal amount of Cr3+ formed in solution is readily precipitated as Cr(OH)3(s).  As a result 
the Δ53Cr reflects the instantaneously formed Cr3+ in solution (rather than Cr3+ transported from up-gradient) and is 
thus approximately equal to the kinetic fractionation factor (Table 1).  At slow flow rates, Cr3+ accumulates in the 
fluid phase as a result of the rapid reduction of CrO42- and relatively slow precipitation of Cr3+ without any isotopic 
exchange or re-equilibration (i.e. a Rayleigh-type fractionation), leading to a larger Δ53Cr value and reflecting the 
difference between residual CrO42- and cumulative Cr3+ formed across the domain.  Fractionation associated with the 
precipitation of Cr(OH)3(s) from solution was not considered in this model.  As a result the accumulated solid phase 
will reflect the δ53Cr of the aqueous Cr3+ at that location in the system.  This results in a solid that may also appear 
to indicate variable fractionation relative to the influent δ53Cr of CrO42- despite the fact that the imposed kinetic 
fractionation factor is always 0.9957.   
 
 
Fig. 2. Homogeneous steady state values of (A) aqueous CrO42- and Cr3+; (B) associated δ53Cr as a function flux rate 
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Fig. 3. Homogeneous steady state Δ53Cr  (difference between aqueous δ53Cr of CrO42- and Cr3+) as a function of flux rate.  Dashed line indicates 
the kinetic fractionation factor in per mil units imposed in the numerical model. 
3.2. Heterogeneous simulations 
An example of steady state spatial distributions of CrO42- and δ53Cr of CrO42- are given in Fig. 4(A&B) for a 
mean transit time of Tf =1.3 hours across a domain with a correlation length of 5cm and a variance of 1 cm2.  Flux-
weighted average steady state values of concentration and δ53Cr collected across the right-hand boundary of multiple 
heterogeneous domains are reported for a wide range of average flux rates.  The concentrations of CrO42- (Fig. 4c) 
from all heterogeneous simulations plot on or above the corresponding homogeneous results, including the results of 
the individual simulation displayed in Fig. 4A (circled data point).  This observation is anticipated as the result of 
preferential sampling of faster flowing, less reacted fluid.  Maher (2011) showed that the concentration of silica 
associated with net primary mineral weathering was decreased for a given flow rate as a function of the TTD 
relative to a single value.  This prediction is in agreement with the current results, noting that the Maher (2011) 
model dealt with dissolution, such that more reaction would lead to higher silica concentrations, whereas here a 
more reacted fluid would correspond to lower CrO42- concentrations.  Steady state values of Cr3+ are always equal to 
or less than the homogeneous results.  This variability is the result of lower effective removal rates of CrO42- in the 
heterogeneous simulations. 
Stable isotope ratios of CrO42- are less enriched than the homogeneous simulations for all heterogeneous domains 
across the entire range of flow rates (Fig. 4D).  The flux-weighted average value of the simulation displayed in Fig. 
4b is circled for reference.  This diminished effective enrichment is again the result of decreased effective CrO42- 
reduction.  However, due to the irreversible reaction imposed in the model, the relationship between any individual 
steady state CrO42- concentration and associated δ53Cr value preserves the imposed fractionation factor of 0.9957 
following a Rayleigh model curve (Eq. 1).   
While the reactant CrO42- preserves a simple irreversible relationship between concentration and stable isotope 
ratio, the isotopic composition of the accumulated solid phase Cr(OH)3(s) precipitate is much more difficult to 
interpret.  As a result of the accumulation of Cr3+ in the fluid phase, in combination with heterogeneous zones of fast  
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Fig. 4. (A) an individual simulation of steady state CrO42- across a randomly generated heterogeneous flow field with correlation length of 5 cm 
and variance of 1cm2 and (B) δ53Cr of CrO42-.  (C) Steady state flux-weighted values of CrO42- for the homogeneous domain (red circles & line), 
h=0.5 cm, σ2 = 1 cm2 (dark blue squares); h=1 cm, σ2 = 1 cm2 (green circles); h=1 cm, σ2 = 5 cm2 (black triangles); h=5 cm, σ2 = 1 cm2 (light blue 
triangles); h=5 cm, σ2 = 5 cm2 (pink triangles) and (D) δ53Cr of CrO42-.  Circled data points in (C) and (D) correspond to the flux weighted 
average effluent values of the simulation shown in (A) and (B). 
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and slow moving fluid, the final steady state  δ53Cr of Cr(OH)3(s) is highly variable.  As a result, sampling a section 
of the solid phase anywhere in the domain leads to vastly different values of δ53Cr despite the simple Rayleigh 
relationship of the fluid.  Furthermore, analysis of the bulk δ53Cr of the solid phase from a core of sediment across 
the right-hand side of the domain would result in a value that is highly skewed towards the areas of highest 
accumulation.  Thus, even a simplified fractionating process can lead to a wide distribution in isotopic ratios of solid 
phase products, complicating any interpretation of fractionation between solid and fluid.  
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